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Let a rigid body with a fixed point be in a potential force field defined by a function
U = U (Y1, V2. ¥a)» which, for simplicity, we shall assume to be holomorphic over the set

of all values that may be later required, of the variables y,, y, and y;. Then, the equations
of motion of the body
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admit the following first integrals
2H = Ap* -+ Bg®> 4+ Cr® — 2U (yy, Ys. Ys) = const @
Vy = Apy, + Bqy, + Cry, = const, Veo=v2+ vt Fyd=1

Here A, B and C are moments of inertia with respect to the principal axes of the body,
the origin of these axes coinciding with the fixed point; p, ¢ and r are the projections of
the angular velocity on these axes and y;, y, and y; are cosines of the angles made be-

tween the principal axes of the hody and an axis which we shall call *vertical’, and which
is fixed in space.

To investigate the stability of steady motions of the body we shall use, as in[3], the
Routh-Liapunov theorem [4]. Let us use the integrals (2) to construct the Lagrange function

K = H — AV, — 10, (3)

where A, and A, are constant multipliers and let us write the necessary conditions for the
extrema of K in terms of the variables p, ¢, r, ., ¥, and y,
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which, after obvious transformations, assume the form

P = MVy, g = A¥3, r= MYy ¢
(24 + A}y, -+ 80U [ oy, = 0, (2B + Ro) vy + U [oy, = 0,
(MPC + Ag) y3 + aU Joyys = 0O (3)

From (4) it follows, that the vertical fixed in space can be the only permanent axis
and that A, = @ will be the angular velocity of the body about this axis.

Equations (5) define, generally speaking, A, = @ together with y,, ¥, and y; which
define che position of the permanent axis in the body for every value of A,, with the
relation v,* + y,* + v, = 1 taken into account.

Eliminating A, and A, from (5), we obtain a surface analogous to the Staude’s cone [2]

ou U au
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which, together with the condition v,2 - y,® | y;2 = 1, will define the set of all per-
manent axes in the body.

To investigate the stability of obtained motions, let us consider the condition of sign
definiteness of the second variation of K on the linearised manifold defined by the integrals
V, and ¥,. We shall assume that £;, s, Es171,M 2, and 7}, are the perturbations of p, g, 1,
Y1, ¥a and ¥y, respectively, Then
20% = AE® + B + CE* — 20 (ABmy + BEama + CEMy) — A (a® -+ 0® + 15" —(n)

— Uy ® — Ugla® — Uglls® — 2upMiMs — 2igNan s — 2UgMaNls
Wy, =Apn, + Bmy+ Cms + Aviby + Byabs + Cvafs + ... =0 ®
¥y =ym+yvamatymst+...=0

Here and in the following, we shall use the notation

oy au ..

S T Uy, g == W5 (l,]xi,Z, 3)

oy 97975 !
Following [3], letus replace fi (i=1,2,3) with z;=E —on; . Then, (7) and (8)

become
28K = Az + Bz + Czd — (A0 + dha + up)n,® — (Bo? + Ay + ugg)ns® — )
— (C? +hatugg) N — 2w M — 2urN M5 — 2Nl
8V, = Ay, + Bys + 23 + Cyazs + 24pn, + 2By + 26ms+ ... =0 (10)
Wy =ymitvMatvams+...=0

The positiveness of the determinant

A% —up —us 0 0 0 24p m
—uy —B* —uy 0 0 0 2By 71
— Uy — Uy — C* 0 0 Q0 20r Ts
0O 0 0 A 0 0 Ay 0
0o 0 0O 0 B 0 Bp 0
o 0 0 0 0 C Cra 0
2.4p 2Bg 2Cr Ay, By: Cvs 0 0
Tl 2 1= 0 0 O g 0
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and of another three determinants obtained from it by striking out the sixth row and column,
fifth and sixth row and column and finally the fourth, fifth and sixth row and column, are
the conditions of sign definiteness of the quadratic form (9} on the linear manifold (10),
according to well known generalisation of Silvester criterion [5 and 3]. In the above de-
terminant, we have used for brevity

A* = A@® + Ay b uy, B* = Bod+ Ay b uy, €= Ce®t Ayt uyp (D
It can easily be checked, that the above conditions have the form
40?7, > 0, A4 (40®Ty — Ay,25) > 0
AB (50T, — (Ayy? + By 8) > 0 12
ABC (4T, — JS) >0 V= Ay + By - OysY)

where | is the moment of inertia of the body relative to the permanent axis.

Ty = — [A* (B — O)¥ysty? + B* (C — APyiys® + C* (4 — Biylv,*l —
— 2y1vavs [(4 — €) (B — A) upiyy + (B — 4) (C-— B) uygy: -+ (€ — B) (4 — Chuysyy]
8y = [(ugg” — B*C*) y,® + (ugs? — C*A*) v,® + (u® — A*B¥) vi?] — (13)

— 2Y,¥s (Ugaltyg — UggA™) — 2V4y, (Uggllys — UgaB*) — 2y1¥, (Mygttny — 412C*)
(14)

Obviously, whenever the first and last condition of {12) is fulfilled, the second and
third must also be. Hence,

7,>0, 40°T) — J S, > 0 (15)

will represent the conditions of positive definiteness of the second variation of K on the
linearised manifold defined by the integrals ¥; and V,. By the Routh-Liapunov theorem
[4], they will also be sufficient conditions of stability of discussed motions in the vari-
ables p, g, , V1, ¥2 and y;. The last condition of (15) becomes, on exclusion of the bound~
ary a, =0, the necessary condition, since the characteristic equation for the variational
equations will, in this case, be

%% (%hag + nPa; + ay) = 0 (ay = ABC)

oy =14 B —CPy*+BB—C—A)W?2+C(C—A4—BPytle® —
— [44%* (By;® + Cy3?) + BB* (Ay,® + Cys?) + CC* (By? + Ay,%)) -+
+ 24Buiyrys + 2BCusyyays + 2CAugyys
a, = 4027, — IS,

If the force function is given in the form
u = zg¥1 + yo¥a + zo¥s + B (Ay® -+ By, 4 Cy?)

then conditions (15) coincide with the conditions obtained by Kuz’min[3] for the stability
of permanent rotations in the central gravity field. For the force function which can be
given as

= fi (v1) + fo (¥2) + fa (va)

sufficient conditions of stability can be obtained from (15) after the substitution u;:=0,
i# j, G, j=1,2, 3), but they will be weaker than those obtained by Anchev in (2], for u
as defined above. For the force field with the Goriachev function [6 and 7]
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direction cosines y;, ¥, and ¥, of permanent axes will be, according to (5), given by

(A0 F M)y — by — =0, Bot -+ )y, +dyy— =0 {16}
(Co® + Al ¥y —ays " = 0
where
wy = — by — oty = bYs — 0y oy = e ayy ", wpn = -k, "y = b, gz == a”’!’;H

Consequenlly, expreasiona for T, and $, will, after eliminating the parameter A; by means
of {16), become

G [(B — Ay __w‘ﬁi‘f: g (n 1) (0 — A c__ﬂf:?.ff (€ By m:;”iaf]
2 T

Ts
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From this it follows, that sufficient conditions of stability of permanent rotations
described by (16), can be written as
("
B — AP aln+ 10)yy2y Y+ (O — APyl v + (€ — By iyt <L 0
4t [B—d4¥a(n+ D “2\,22‘,«-(3;*1} + (€ — APeyyi®yy™ Yyt 1 (€ — BPoyyy Pyl -+
+ 1 [a @+ 1) v TP avtn™ + aydre™ -+ aen i <0

For the came 4 = B = 2C investigated in [7], the above conditions simplify to
a8 - eaya ™ L0
Aot ™ + e — (1 — Y 18] [1{n - UG D ety +
REC 160 CRLY B SRaTY Mt D!
but will be weaker than those obtained by Apykhtin ia [7].
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